Abstract. We develop a new method for constructing K3 surfaces. We construct such a K3 surface X by patching two open complex surfaces obtained as the complements of tubular neighborhoods of elliptic curves embedded in blow-ups of the projective planes at general nine points. Our construction has 19 complex dimensional degrees of freedom. For general parameters, the K3 surface X is neither Kummer nor projective. By the argument based on the concrete computation of the period map, we also investigate which points in the period domain correspond to K3 surfaces obtained by such construction.
Introduction
The aim of this paper is to develop a new method for constructing K3 surfaces. With the method in hand, we state one of main results as follows: Theorem 1.1. There exists a holomorphic deformation family π : X → B of K3 surfaces over a 19-dimensional complex manifold B with injective Kodaira-Spencer map such that the following property holds: each fiber X admits a real 1 parameter family of compact Levi-flat hypersurfaces {H t } t∈I of C ω class such that, for each t of the interval I, the real hypersurface H t is C ω -diffeomorphic to a real 3-dimensional torus S 1 × S 1 × S 1 , and that each leaf of the Levi-flat foliation of H t is biholomorphic to either C or C * := C \ {0} and is dense in H t . Moreover, general fiber X is a K3 surface with the Picard number 0, and hence is neither projective nor Kummer.
Here a real hypersurface H in a complex manifold X is said to be Levi-flat if it admits a foliation of real codimension 1 whose leaves are complex manifolds holomorphically immersed into X. We will construct a family π : X → B of K3 surfaces each of whose fiber X has an open complex submanifold V ⊂ X with the following property: there exists an elliptic curve C, a non-torsion flat line bundle N → C, and two positive numbers a < b such that V is biholomorphic to {x ∈ N | a < |x| h < b}, where h is a fiber metric on N with zero curvature. The Levi-flat hypersurfaces {H t } t∈I in Theorem 1.1 are given by the hypersurfaces corresponding to {x ∈ N | |x| h = t} for each t ∈ I := (a, b) ⊂ R. Note that Kummer surfaces with such an open subset V can be constructed in a simple manner. Actually, the Kummer surface constructed from an abelian surface A has such V as an open complex submanifold if A includes V . Note also that each leaf of the Levi-flat hypersurface {x ∈ N | |x| h = t} is biholomorphic to either C or C * for each a < t < b. By considering the universal covering of a leaf, we have the following corollary:
We will construct a K3 surface X by patching two open complex surfaces obtained as the complements of tubular neighborhoods of elliptic curves embedded in blow-ups of the projective plane P 2 at general nine points. The outline of the construction is as follows: Let C + 0 and C − 0 be two smooth elliptic curves in P 2 biholomorphic to each other, and Z ± := {p ± 1 , p ± 2 , . . . , p ± 9 } ⊂ C ± 0 be general nine points. Moreover let S ± be the blow-ups of P 2 at the nine points Z ± , and C ± ⊂ S ± be the strict transforms of C Under the setting above, we have the following theorem:
Theorem 1.5. Under the above notations, assume that the normal bundles N ± := N C ± /S ± ∈ Pic 0 (C) of C ± are dual each other via a biholomorphism g : C + → C − , that is, g * N − ∼ = N −1 + , and that N ± satisfy the Diophantine condition. Then we can patch M + and M − holomorphically to yield a K3 surface X.
Remark 1.4 says that for almost all nine point configurations Z ± ⊂ C ± 0 , the corresponding normal bundles N ± satisfy the Diophantine condition. In such sense, our gluing construction has some degree of freedom. Indeed, in the gluing construction of K3 surfaces, there are some parameters come from, for example, the choice of the elliptic curves C ± 0 , nine points configurations Z ± , the choice of the radii of the tabs of gluing, and some patching parameters, which cause 19-dimensional deformation as stated in Theorem 1.1. By concretely computing the period integral, we investigate the relation between these parameters appear in the construction and the period map (see §3, 4, and 6). For this purpose, we also construct a marking, namely, 22 generators of the second homology group H 2 (X, Z) of our K3 surface X, which will be denoted by (p,q) such that each fiber is a K3 surface constructed in our gluing method whose period map yields the identity map Ξ (p,q) → Ξ (p,q) , where D Period := {ξ ∈ P(Π 3,19 ⊗ C) | (v.v) = 0, (v.v) > 0} is the period domain.
More precise expression of the open subset Ξ (p,q) will be explained in Corollary 6.4. Note that the normal vector v = v (p,q) of the subset satisfies (v.v) = 0. Note also that one of the statement of Theorem 1.1 is a simple conclusion of Theorem 1.6.
Diophantine condition is needed since we use the following Arnol'd's theorem in our gluing method. Theorem 1.7 (= [A, Theorem 4.3 .1]). Let S be a non-singular complex surface and C ⊂ S be a holomorphically embedded elliptic curve. Assume that N C/S satisfies the Diophantine condition. Then C admits a holomorphic tubular neighborhood W in S, i.e. there exists a tubular neighborhood W of C in S which is biholomorphic to a neighborhood of the zero section in N C/S .
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Construction of X and Proof of Theorem 1.5
First we explain our notation on the blow-ups S ± of P 2 and related objects. Fix two smooth elliptic curves C ± := Bl Z ± P 2 be the blow-up of P 2 at Z ± and C ± ⊂ S ± be the strict transform of C ± 0 .
Proof of Theorem 1.5. As N ± := N C ± /S ± ( ∼ = N ±1 0 ) satisfies the Diophantine condition, it follows from Theorem 1.7 that there exists a tubular neighborhood W ± of C ± such that W ± is biholomorphic to a neighborhood of the zero section in N ± := N C ± /S ± . Therefore, by shrinking W ± and considering the pull-back of an open covering {U ± j } of C ± by the projection W ± → C ± , one can take an open covering {W ± j } of W ± and a coordinate system (z ± j , w ± j ) of each W ± j which satisfies the following four conditions:
can be regarded as a coordinate of U ± j and w ± j can be regarded as a coordinate of ∆ R ± , and (iv) (z
A kj is the same one as in the previous condition and t − kj ∈ U(1) := {t ∈ C | |t| = 1}. Note that one can use any positive number for the constant R ± > 0 by rescaling w
In what follows, we always assume that R ± > 1. Here we used the fact that any topologically trivial line bundle on a compact Kähler manifold is flat to have that t ± jk ∈ U(1) (see [U, §1] ). Note also that we use g(U 
In other words, V ± is defined as the preimage of the interval (1/R − , R + ) and (1/R + , R − ), respectively, by the map Φ ± :
By identifying V + and V − via this map f , we can patch M + and M − to define a compact complex surface X.
We denote by V the open subset of X which comes from V ± . In what follows, we regard M ± as open subsets of X. Note that V = M + ∩ M − holds as a subset of X, and this V satisfies the conditions as in §1. Note also that, for each t ∈ (1/R − , R + ), the inverse image H t = Φ −1 + (t) is a compact Levi-flat of V (and thus of X). As the foliation structure of H t is the one induced from the flat connection of N ± and N ± is non-torsion element of Pic 0 (C ± ) by the Diophantine assumption, it follows that any leaf of H t is dense in
In what follows, we denote by V j the set V + j when we regard it as a subset of V , and by Φ the map Φ + when we regard it is the one defined on V .
Proposition 2.1. X is a K3 surface with a global holomorhic 2-form σ with
Proof. As it easily follows from Mayer-Vietoris sequence associated to the open covering
Again by Mayer-Vietoris sequence associated to the open covering {M + , M − } of X, we have that H 1 (X, Z) = 0. Therefore it is sufficient to show the existence of a nowhere vanishing global holomorhic 2-form σ with
meromorphic 2-form η ± with no zero and with poles only along C ± . Define a nowhere vanishing holomorphic function
Therefore it follows that
, we have that
to define a nowhere vanishing 2-form σ on X, which shows the theorem.
Through this paper, we use the notation η ± in the proof above. In what follows we assume that A ± = ±1 by scaling. Therefore, σ is obtained by patching η
Proof. Let F : V → C be a holomorphic function. Take a real number t with 1/R − < t < R + and a point x t ∈ H t = Φ −1 (t) which attains the maximum value max
by L the leaf of the Levi-flat H t with x t ∈ L. By the maximum modulus principle for F | L and the density of L ⊂ H t , it follows that F | Ht ≡ A for some constant A ∈ C. As {x ∈ V | F (x) = A} is an analytic subvariety of V which includes a real three dimensional submanifold
Remark 2.3. There exist nine points configurations
} such that N ± is not Diophantine, however C ± admit holomorphic tubular neighborhoods. For example, Ogus constructed such configuration in [O, 4.18] . One can carry out just the same construction of a compact complex surface starting from this Ogus's example, whereas Lemma 2.2 does not hold in this case. Theorem 1.5 follows from Proposition 2.1.
Remark 2.4. As it is easily seen from the construction above, we can replace the condition "N ± are dual each other via a biholomorphism g : For the open subset V ⊂ X, we have the following: Proposition 2.5. Denote by V r + ,r − the subset {x ∈ N 0 | 1/r − < |x| h < r + } for positive numbers r ± > 1, where h is a fiber metric on N 0 with zero curvature. Denote by i 0 the isomorphism V R + ,R − → V (⊂ X) which is obtained naturally by the construction. Then it holds that sup{r ≥ R + | there exists a holomorphic embedding i r,R − : V r,R − → X with i r,R − | V R + ,R − = i 0 } < ∞ and sup{r ≥ R − | there exists a holomorphic embedding
Proof. Take r ± ≥ R ± such that there exists a holomorphic embedding i r + ,r − : V r + ,r − → X with i r + ,r − | V R + ,R − = i 0 . Then we can calculate to obtain that
where σ is as in Proposition 2.1 and η C + is the holomorphic 1-form on C + defined by
which proves the proposition.
By the same argument as in the proof of Proposition 2.5, we can show the following statement on tubular neighborhoods of C ± in S ± .
Proposition 2.6. Denoting by W r the subset {x ∈ N 0 | |x| h < r} and by i
± which is obtained naturally by the construction, it holds that sup{r ≥ R ± | there exists a holomorphic embedding i
Let N + be the subsets of the set of all the neighborhoods of C + in S + defined as below. In this definition of N + , we omit "+" and, for example, denote C + just by C. In the last of this section, we show the existence of the maximum element of N + , which will play an important role in §6 for considering the set of all points of the period domain whose corresponding K3 surface can be obtain by our gluing construction. First we show the following: 
holds (see also the arguments in [U, p. 588-589] 
where h is a flat metric on N + . The lemma is a direct conclusion from this fact. 
play an important role. It is natural to ask the following:
How do these values depend on the nine points configurations?
Note that W ± max (resp. vol η ± (S ± \ W ± max )) are naturally determined objects which only depend on S ± (resp. (S ± , η ± )), whereas the values R ± max depend on the scaling of w ± j 's.
3. Construction of a marking of X Let X be a K3 surface which is constructed from (S ± , C ± ), where we are using the notation as in the previous section. In this section, we construct 22 cycles
. . , C ± 78 and C ± 678 as in §1 which can be regarded as generators of the second homology group H 2 (X, Z), or the K3-lattice Π 3,19 . Here, we also observe the value of the integration of σ along these 2-cycles, where σ is the holomorphic 2-form as in Proposition 2.1.
Note that the construction of the generator of Π 3,19 we will explain is known at least in the topological level (see [GS, Chapter 3] ). Our construction is a slightly modified variant of it so that it is suitable with respective to the complex structure of X and that the calculation of σ along 20 of them are executed concretely.
As the other cases are done in the same manner, we will only treat the case where nine points are different from each other just for simplicity in this section.
3.1. Definition of the cycles A • 's and the integration of σ along them. As V ⊂ X is biholomorphic to an annulus bundle over the elliptic curve C + , it is homotopic to S 1 × S 1 × S 1 (Here we used the topological triviality of N ± ). Let α, β, and γ be loops of V of C ω class whose class define generators of the fundamental group π 1 (V, * ). We assume that α and β come from C + , which means that α and β can be identified with loops α and β of C + respectively via a continuous section C + → V ∼ = V + , and that γ is a simple loop settled in a fiber of the V ∼ = V + → C + . We may assume that the loop α is the image of the line segment [0, 1] and β is the image of line segment [0, τ ] by the universal covering C → C/ 1, τ ∼ = C + for some element τ of the upper half plane H := {τ ∈ C | Im τ > 0}. We define 2-cycles A αβ , A βγ , and A γα by A αβ := α × β, A βγ := β × γ, and A γα := γ × α. As these are (concretely defined) topological tori included in V and we have that σ| V = dz
, one can carry out the integration of σ along these three 2-cycles in a concrete manner. By the computation, one have that
where a α and a β are the real numbers such that the monodromies of the U(1)-flat line bundle N + along the loops α and β are exp(2π √ −1·a α ) and exp(2π √ −1·a β ), respectively.
Definition of the cycles C ±
• 's and the integration of σ along them. Denote by e ± ν the exceptional curve in S ± which is the preimage of p ± ν ∈ Z ± for ν = 1, 2, . . . , 9, by h ± the preimage of a line in P 2 by the blow-up π ± : S ± → P 2 , and by q ± ν the point of C ± which corresponds to p
First we give the definition of C + 12 . In this paragraph, we omit "+" to denote, for example, C + simply by C, since all the objects are observed in S + . Fix a line segment Γ 12 in C which connects q 1 and q 2 . Fix also a positive number ε less than R. Denote by ∆ (ε) ν the subset e ν ∩ Φ −1 ([0, ε)) of e ν . Let Γ 12 be a line segment of C which is a slight extension of Γ 12 such that the inverse image T
12 of Γ 12 by the natural projection Φ −1 (ε) → C satisfies the condition that both T
12 ∩ e 1 and T 
2 ), which is homeomorphic to S 2 (see Figure 2 ).
By defining the orientation suitably, one can regard C
12 as a 2-cycle of S which is homologous to e 1 − e 2 .
By taking ε so that 1/R − < ε, we have that
12 can also be regarded as a 2-cycle of X, which is the definition of C + 12 . Note that this definition (as a 2-cycle) does not depend on the choice of ε ∈ (1/R − , R + ).
Next, we calculate the integration of σ along C + 12 . Proposition 3.1.
where dz + is the global holomorphic 1-form on C + such that dz
Proof. Let η ± be a meromorphic 2-form of S ± as in the proof of Proposition 2.1. As is mentioned just after the proof of Proposition 2.1, we may assume that σ is obtained by gluing η
σ on X, here we calculate
Again we omit the notation +. As η| S\C is closed and C
12 is homologous to C (ε ′ ) 12 as 2-cycle for any ε ′ ∈ (0, R), we have that η on W j . As we may assume that W j coincides with the preimage of U j = W j ∩ C by the projection W → C, we have that
When ε is sufficiently small, it follows from the construction of Γ 12 that
as ε ց 0. Thus we have the proposition by considering the limit as ε ց 0.
Define 2-cycles C + ν,ν+1 for ν = 2, 3, . . . , 7 and C − ν,ν+1 for ν = 1, 2, . . . , 7 by the same manner so that C ± ν,ν+1 is included in M ± as a set and is homologous to e ν − e ν+1 as a 2-cycle of S ± . By the same argument as in the proof above, we have that
where Γ ± ν,ν+1 is a line segment in C ± which connects q ± ν and q ± ν+1 and dz − is the global holomorphic 1-form on C − defined just in the same manner as the definition of dz + .
The cycle C ± 678 is also defined as a cycle supported in M ± which is homeomorphic to S 2 and homologous to −h ± + e ± 6 + e The 2-cycle B γ is also defined in the same manner:
γ can be constructed more concretely so that the integral Bγ σ is computable. Take a real number r ∈ (1/R − , R + ).
We may assume that γ is the preimage of a point z 0 ∈ C + by the projection Φ −1
. Then, by taking a suitable topological tube T (r) 9 included in the preimage of the line segment which is a slight extension of Γ 9 by the natural map Φ −1 + (r) → C + , it follows from the same argument as in the previous subsection that one may assume
By the same computation as before, we have that
3.4. Summary. By the previous subsection, we defined 22 2-cycles and computed the concrete value of the integral of σ along 20 of them other than B α and B β . Here we summarize the conclusion and investigate the relation between these values and the parameters appear in the construction of X.
First, the value
σ is equal to τ , which is the modulus of the elliptic curve C ± 0 . Next, it follows from the computation in §3.2 that the data
is completely determined only by the choice of p
, to determine the complex structure (or equivalently, the flat structure) of
) is equivalent to determine the choice of the ninth point p + 9 , whose information is reflected by the integral of σ along A αβ . Next, by determining the isomorphism g :
is determined (Note that here we used the condition N + = g * N − ). This information is reflected by the integral of σ along B γ .
Finally, after fixing the data
, and g, only the remaining parameter on the construction of X is the parameter on the scaling of w ± j 's and the "size" R ± of V .
For the relation between this degree of freedom and the value Bα σ and
, and X be those in §2. As we observed in the previous section, our construction of X has some degrees of freedom: on the complex structure of C ± 0 , on the points configurations Z ± , and on the patching functions, even after one fixes N 0 . In this section, we investigate some of the deformation families constructed by considering such degrees of freedom, by using notations mentioned in §2.
4.1. Deformation families constructed by changing the patching functions. 
The choice of p Table 1 . The integration of σ along 2-cycles and the corresponding parameters.
4.1.1. A deformation family corresponding to the change of the patching function w − (z + , w + ). Here we fix C ± 0 , Z ± , and the isomorphism g.
In what follows, we sometimes omit the index j to, for example, denote (z
Then we can patch M + and M − via the map F to define a complex manifold X . In what follows, we may regard M ± and V := V ± as open subsets of X . The second projections M ± → ∆ glue up to define a proper holomorphic submersion π : X → ∆. It follows from Proposition 2.1 that each fiber X t := π −1 (t) is a K3 surface. In what follows, we fix a base point t 0 ∈ ∆.
In this subsection, we assume that Z
• is sufficiently general so that it includes four points in which no three points are collinear for each • ∈ {+, −}. This assumption is just for simplicity (see Remark 4.4).
We define holomorphic vector fields θ 1 , θ 2 on V t 0 := X t 0 ∩ V by
± . Proposition 4.1 follows from the following two lemmata.
Lemma 4.2. As aČech cohomology class, we have
Proof. The lemma directly follows from the computation ∂w
which appears in the Mayer-Vietoris sequence corresponding to the covering {M Proof. From the Mayer-Vietoris sequence, it is sufficient to show that
it follows from Lemma 2.2 that there exists an element (a 1 , a 2 ) ∈ C 2 such that ξ| Vt 0 = a 1 · θ 1 + a 2 · θ 2 . As it is clear that both θ 1 and θ 2 can be extended to holomorphic vector fields on W
By gluing ζ and ξ, we obtain a global vector field ξ ∈ H 0 (S + , T S + ). It follows from Lemma A.2 that ξ = 0, and thus ξ = 0, which shows that
Similarly we have
Proof of Proposition 4.1.
injective, Proposition 4.1 follows from Lemma 4.2 and Lemma 4.3.
Remark 4.4. In the proof of Proposition 4.1 (especially in the proof of Lemma 4.3), we used the assumption that Z ± is sufficiently general so that it includes four points in which no three points are collinear. However one can remove this assumption by the following alternative proof of Proposition 4.1. For each t ∈ ∆ w , denote by
where we are identifying V + t with the quotient C × ∆/ ∼ by the relation ∼ generated by
As both the components of X t \ V t are simply connected, there exist continuously embedded discs
Note that one may regard each D ± α as a subset of S ± which does not depend on the parameter t. Then one have that
Therefore, by considering the Griffiths transversality on the relation between the KodairaSpencer map and the derivative of the period map, one can prove Proposition 4.8. Here
we remark that the value ∂ ∂t B β σ can also be concretely calculated in the same manner.
A deformation family corresponding to the change of the patching function
± are the universal covers. Without loss of generality, we may assume that ∂ ∂z g(z) ≡ 1. Denote by g t the automorphism of C defined by g t (z) := g(z) + t and by g t :
Then we can patch M + and M − by identifying V ± , denoted by V, via the map F to define a complex manifold X . We regard M ± and V as open subsets of X . The second projections M ± → ∆ glue up to define a proper holomorphic submersion π : X → ∆. By Proposition 2.1, we have that each fiber X t := π −1 (t) is a K3 surface.
Proposition 4.5. The Kodaira-Spencer map ρ KS,π :
As in the previous subsection, we use notations in the proof of Proposition 4.1. Lemma 4.6. As aČech cohomology class, we have
Proof. Lemma directly follows from the computation ∂z
Proof of Proposition 4.5. As in the proof of Proposition 4.1, Proposition 4.5 follows from Lemma 4.3 and Lemma 4.6. 4.2. A deformation family constructed by changing the nine points configura-
, and V be those in §2. In this subsection, we construct a deformation family corresponding to the change of the nine points configurations Z ± by fixing C ± 0 , N 0 and the patching functions. For simplicity, we also fix Z − and consider only the change of Z + here, and put C 0 := C ± 0 and Z = {p 1 , . . . , p 9 } := Z + .
Fix a sufficiently small open neighborhood U ν of p ν in C 0 for each ν = 1, 2, . . . , 8 and denote by T the product
Let π : S → T be a proper holomorphic submersion from a 10-dimensional complex manifold S to T such that each fiber S t := π −1 (t) is isomorphic to the blow-up of P 2 at nine points q 1 , q 2 , . . . , q 8 , and q(t) for each t = (q 1 , q 2 , . . . , q 8 ) ∈ T . Such S can be constructed as the blow-up of P 2 × T along some submanifolds. Let C ⊂ S be the strict transform of C 0 × T . Note that π| C = Pr 2 : C 0 × T → T holds via the natural isomorphism between C and C 0 × T . Denote by C t the intersection S t ∩ C for each t ∈ T . Then it follows from the construction that N C/S | Ct = N Ct/St ∼ = N 0 for each t. Therefore, by regarding N C/S as a holomorphic line bundle on C 0 × T , it follows from Proprosition A.1 that there exists a holomorphic map i :
holds, where L is the universal line bundle on C 0 × Pic 0 (C 0 ). As it clearly holds that i(t) ≡ N 0 ∈ Pic 0 (C 0 ), we obtain that N C/S ∼ = Pr * 1 N 0 . Then, we can apply the following relative variant of Arnol'd's theorem to our (C, S).
Theorem 4.7. Let π : S → T be a deformation family of complex surfaces over a ball in C n , and C ⊂ S be a submanifold which is biholomorphic to C 0 × T , where C 0 is an elliptic curve, and satisfies π| C = Pr 2 via this biholomorphism. Assume that N C/S ∼ = Pr * 1 N 0 holds for some line bundle N 0 on C 0 which satisfies the Diophantine condition. Then, by shrinking T if necessary, there exists a tubular neighborhood W of C in S which is isomorphic to a neighborhood of the zero section in N C/S . See §8.1 for the proof of Theorem 4.7. Take W ⊂ S as in Theorem 4.7. By shrinking W and considering the pull-back of an open covering {U j ×T } of C by the projection W → C, we can take an open covering {W j } of W and a coordinate system (z j , w j , t) of each W j which satisfies the following four conditions:
III) π(z j , w j , t) = t holds on each W j , and (IV ) (z k , w k , t) = (z j + A kj , t kj · w j , t) holds on W jk , where A kj and t kj are as in the condition (iv) in §2. Denote by V the union of V j 's, where
we patch M and M − to construct a manifold X just as in the previous section. The maps π and π − := Pr 2 : S − → T glue up to define a proper holomorphic submersion P : X → T . By the same argument as in the proof of Proposition 2.1, we have that each fiber X t := P −1 (t) is a K3 surface. As before, by considering the Griffiths transversality and the calculation of the period integral in the previous section, one have that Kodaira-Spencer map ρ KS,P is injective.
4.3. A deformation family fixing the Diophantine condition and the patching functions. In this subsection, we consider a broader deformation family than that constructed in the previous subsection, that is, a family corresponding to the change of C ± 0 , N 0 and Z ± by fixing the Diophantine condition and the patching functions. As in the previous subsection, we also fix Z − and put C 0 := C ± 0 and Z = {p 1 , . . . , p 9 } := Z + .
Let (p, q) be a pair of real numbers that satisfies the Diophantine condition, and fix τ 0 ∈ H with C 0 ∼ = C/ 1, τ 0 , and a sufficiently small open neighborhood U = U τ of τ 0 in H. For each τ ∈ U, let C 0 (τ ) be a smooth elliptic curve given by C 0 (τ ) ∼ = C/ 1, τ , and let N 0 (τ ) ∈ Pic 0 (C 0 ) be a line bundle given by
as a parameter space in this subsection (More rigorously, each U ν should be regarded not as a subset of C/ 1, τ but as that of the universal cover C since τ also varies in this subsection). In what follows, we regard
proper holomorphic submersion from a 11-dimensional complex manifold S to T such that each fiber S t := π −1 (t) is isomorphic to the blow-up of P 2 at nine points q 1 , q 2 , . . . , q 8 , and q(t) for each t = (τ, q 1 , q 2 , . . . , q 8 ) ∈ T . Let C ⊂ S be the strict transform of
An important issue here is the existence of a holomorphic tubular neighborhood W of C is S, which is guaranteed by Theorem 8.4, a generalized version of Theorem 4.7. See subsection 8.2 for more details. With such a holomorphic tubular neighborhood W of C is S in hand, one can construct a deformation family P : X → T such that each fiber X t := P −1 (t) is a K3 surface, in a similar manner mentioned in the previous subsection.
4.4. A deformation family : summary. In this subsection, we use an 19-dimensional complex manifold
as a parameter space, where ∆ z , ∆ w and U τ are those in §4.1 and §4.3, and U ± ν is a neighborhood of p ± ν in C/ 1, τ . Let (p, q) be a pair of real numbers that satisfies the Diophantine condition. By combining the constructions of the deformation families as in §4.1, §4.2 and §4.3, one can naturally construct a deformation family π : X → T and the subsets M ± ⊂ X such that the following conditions hold: for each t = (t 1 , t 2 , τ, q
is a subset of the blow-up of P 2 at {q ± 1 , . . . , q ± 8 , q ± 9 }, and X t := π −1 (t) is a K3 surface obtained by patching M 
is the point such that
. Then, by shrinking the parameter space T if necessary, we have the following proposition.
Proposition 4.8. The Kodaira-Spencer map ρ KS,π : T T,t → H 1 (X t , T Xt ) of the deformation family π : X → T is injective for all t ∈ T .
The injectivity of the Kodaira-Spencer map corresponding to t 1 and t 2 has already been shown in §4.1, while that corresponding to the rest parameters will be shown in §6. It is known that the dimension of the moduli space of K3 surfaces has 20 complex dimension. However, it is difficult to construct a deformation family π : X → T with dim C T = 20, since the assumption that (p, q) satisfies the Diophantine condition is essential in our construction.
Question 4.9. What is the maximum dimension of a complex manifold T over which there exists a deformation family π : X → T whose fibers are K3 surfaces obtained by the construction as in §2 such that the Kodaira-Spencer map ρ KS,π :
5. Proof of Theorem 1.1 and Corollary 1.2 5.1. Proof of Theorem 1.1. First we notice that the K3 surfaces constructed in §2 admit Levi-flat hypersurfaces {H t } satisfying the condition in Theorem 1.1. So in order to prove Theorem 1.1, it is sufficient to show that a general K3 surface X we constructed has ρ(X) = 0, since ρ(X) ≥ 1 if X is projective, and ρ(X) ≥ 16 if X is Kummer. Here
is the Picard number of X. In the calculation of the integrals given in §3, one can choose (a α , a β ) and τ generally so that σ = 0 for any 2-cycle x ∈ H 2 (X, Z) (here we used the Griffiths transversality on the relation between the Kodaira-Spencer map and the derivative of the period map, see [H] ), which establishes Theorem 1.1.
5.2.
Proof of Corollary 1.2. One can easily deduce the corollary by considering the universal covering of a leaf of a Levi-flat hypersurface H t ⊂ X given in §2.
Realizability in the period domain
In this section, we discuss the realizability of our K3 surfaces in the period domain
Let X be a K3 surface constructed in §2, and let σ be the holomorphic 2-form on X that is normalized as in §3. Through the Poincaré duality, we identify σ := σ/(2π √ −1) with an element in H 2 (X, C), expressed as
From the arguments in §3, we have the following proposition. Proposition 6.1. With the notations in §2 and §3, put µ :
) and Λ := Λ + + Λ − . Then we have the following:
(ii)σ is orthogonal to v :
(iii) c ± • are determined uniquely by the positions of (p
dz.
(v) By putting x := a βγ , y := a γα , we have Conversely, we have the following theorem.
Theorem 6.2. Let (p, q) be a pair of real numbers that satisfies the Diophantine con-
Then there exists a mapping
such that the following holds: if ξ ∈ v ⊥ with an expression
• 678 satisfies the following conditions, then ξ is realized as the image of the period map of a K3 surface constructed in §2.
(a) b β = 0. In what follows, we normalize b β so that b β = 1.
where c ± and Θ(c + , c − ) are given in Proposition 6.1.
We notice that the function Λ (p,q) is independent of the values (x, y) = (a βγ , a γα ), where (a βγ , a γα ) correspond to the integrals
σ that we still have not clarified.
Proof. For a given ξ ∈ v ⊥ , Proposition 6.1 determines some of parameters of our K3 surfaces as follows:
• The coefficients (b α , b β ) determine τ and hence C ± 0 . Moreover b γ is also determined from the condition ξ ∈ v ⊥ .
• The coefficients c ± determine (p
and thus Z ± are also determined from the condition
• The coefficient a αβ determines Γ 9 dz and hence g.
Therefore the coefficients of ξ other than (x, y) = (a βγ , a γα ) uniquely determine the parameters other than the scaling of w j 's and the choice of R ± . In particular, these coefficients determines Λ ± = vol η ± (S ± \ W ± max ), which is independent of (x, y). Hence by putting Λ (p,q) (b α , c + , c − , a αβ − 2b γ ) := Λ + + Λ − , we will show that if (x, y) satisfies condition (c), then ξ ∈ D Period is realized as the period of a K3 surface we constructed. More precisely, we will show that the equality
holds, where ∆ C ± 0 ,Z ± ,g the set of (x, y) such that ξ ∈ D Period is realized as the period of a K3 surface we constructed, and D C ± 0 ,Z ± ,g is the set of (x, y) satisfying condition (c). Proposition 6.1 says that the inclusion
± and R ± max > 0 be given is §2. we can construct a K3 surface X ν corresponding to ξ ν by gluing M 
gives rise to the same K3 surface X ν .
As in the proof of Proposition 2.5, the volume of X ν is given by
Since ξ ν → ξ ∞ , a sequence of the volumes {vol(X ν )} is convergent to a constant > Λ. Hence one may assume that there is a constant P > 1 such that the estimates
hold for each ν. Moreover as ℓ ± ν is chosen sufficiently close to R ± max , we have the estimates
for each ν. By passing to a subsequence if necessary, we assume that {λ ν } converges to a constant
, and thus {r 
Hence we can define a K3 surface X ∞ by gluing M
Note that the automorphism group of the annulus {z ∈ C | r < |z| < ℓ} is generated by U(1)-rotations and the map z → rℓ/z. The period of K3 surface X ∞ corresponds to ξ ∞ ∈ ∆ C ± 0 ,Z ± ,g , which establishes the theorem. 
The following corollary follows from Theorem 6.2 and the relative variant of Arnol'd's theorem.
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Corollary 6.4. Let Ξ (p,q) be the set of ξ ∈ v ⊥ (p,q) satisfying the conditions (a), (b), and(c) in Theorem 6.2. Then there exists a proper holomorphic submersion π : X → Ξ (p,q) such that each fiber is a K3 surface constructed in §2 whose period map yields the identity map Ξ (p,q) → Ξ (p,q) . Theorem 1.6 follows from the above corollary.
7. Examples 7.1. An example of a K3 surface with an involution which switches M + and M − .
7.1.1. Preliminary for the construction. Let N → C be a flat line bundle over an elliptic curve C. Assume that N is a non-torsion element of Pic 0 (C). Take a flat metric h of N.
Denote by W (r) the subset {ξ ∈ N | |ξ| h < r} for each r > 0, and by W the set W (1) , and by C the zero-section.
Let {U j } be an open covering of C, z j be a coordinate of U j with z j = z k + A jk for some A jk ∈ C on each U jk . Denote by π : W → C the restriction of the natural projection N → C, and by W j the pull-back π −1 (U j ). Let w j be a fiber coordinate of W j with w j = t jk w k on each W jk for some t jk ∈ U(1). Denoting π * z j := z j • π also by z j , we regard (z j , w j ) as coordinates of W j . Note that we may assume |(z j , w j )| h = |w j | by scaling. For each B ∈ C * , we denote by Rot B : W → W the automorphism defined by Rot B (z j , w j ) := (z j , B · w j ) on each W j .
Proposition 7.1. Let F : W → N be an open holomorphic embedding such that F ( C) = C and F | C = id C hold. Then, there exists an element B ∈ C * such that F = Rot B holds.
Proof.
Take an open covering {U * j } of C such that the index set {j} coincides with that of {U j } and that U * j ⋐ U j holds on each j (i.e. U * j is a relatively compact subset of U j ). Take a sufficiently small positive number ε > 0 such that
. Define functions p j (z j , w j ) and q j (z j , w j ) on
. Consider the psh (plurisubharmonic) function ϕ on W defined by ϕ| W j (z j , w j ) = log |w j |. Then it follows from Lemma 7.2 below that there exists a constant c ∈ C such that log |q j (z j , w j )| = c + log |w j | holds, which means that the holomorphic function B j on each
defined by B j (z j , w j ) := q j (z j , w j )/w j is a constant function with |B j | ≡ c. Thus we have that q j (z j , w j ) = B j · w j .
Denote by θ 1 and θ 2 the global holomorphic vector field on W defined by
and consider a global holomorphic function on a neighborhood of C defined by F * θ 2 (dz j ) = θ 2 (dp j ) = w j ∂p j ∂w j (here we used the fact that dz j 's glue up to define a global holomorphic 1-form on W ). As this function is a globally defined holomorphic function on W ( δ) for sufficiently small positive number δ which identically vanishes on C, it follows from Lemma 2.2 that this function is the zero-map. Especially we have that ∂p j ∂w j ≡ 0 holds on each j. As p j (z j , 0) = z j by the assumption, one have that p j (z j , w j ) = z j holds on each j.
Take an element x ∈ W (ε) jk and let x = (z j , w j ) and x = (z k , w k ) be the corresponding coordinates on W (ε) j and W (ε) k , respectively. Then now we have that F (x) = (z j , B j w j ) = (z k , B k w k ) holds. Therefore we have that w j = t jk w k and B j w j = t jk B k w k . Thus we obtain B j = B k , which proves the proposition.
Lemma 7.2. Let F and ϕ be those in the proof of Proposition 7.1. Then there exists a constant c ∈ R such that F * ϕ = ϕ + c holds on a neighborhood of C, where
Proof. As F * ϕ is pluriharmonic on W (ε) \ C, it follows from the same argument as in the proof of Lemma 2.2 that F * ϕ| Ht is a constant map for each t ∈ (0, ε), where H t := {ξ ∈ N | |ξ| h = t}, or equivalently, the function F * ϕ(z j , w j ) depends only on |w j | (Note that here we used the assumption that N is a non-torsion element of Pic 0 (C)). Thus there exists a function ψ : (0, ε) → R with lim
j . Note that ψ is a C ∞ 'ly smooth function by the regularity theorem. By the pluriharmonicity, one have the differential equation on ψ, by solving which we have that ψ(t) = α + β · log t for some constants α, β ∈ R. As dd c ϕ is the current [ C] defined by the integration along C and F is an biholomorphism which does not move C, one have that dd c (F * ϕ) is also coincides with [ C], which means that β = 1. Thus the lemma follows by letting c := α.
Let S be the blow-up of P 2 at the nine points on a smooth cubic curve C 0 ⊂ P 2 such that N := N C/S satisfies the Diophantine condition, where C is the strict transform of C 0 . Take a holomorphic tubular neighborhood W of C such that there is an isomorphism
In what follows, we sometimes identify C with the quotient C/ 1, τ of the complex plain C with the coordinate z. Denote by the involution ι : C → C induced by the automorphism z → −z of C.
As N is a flat line bundle, one may regard N as the quotient C 2 / ∼ of C 2 with coordinates (z, w), where "∼" is the relation generated by (z, w) ∼ (z + 1, t 1 w) ∼ (z + τ, t τ w) for suitable elements t 1 , t τ ∈ U(1). Note that the projection N → C is the one induced by (z, w) → z. Note also that the pull-back ι * N can be regarded as C/ ∼ ι , where "∼ ι " is the relation generated by (z, w) ∼ ι (−z − 1, t 1 w) ∼ ι (−z − τ, t τ w). As is observed by this easily, it holds that ι * N ∼ = N −1 . Denote by I : N → ι * N the map induced from the automorphism of C 2 defined by (z, w) → (−z, w).
Proposition 7.3. Let F : S → S be an automorphism such that F (C) = C and F | C = ι hold. Then there exists an element B ∈ U(1) such that F | W = Rot B • I| W . Especially, it hold that F (W ) = W and that F | W is an automorphism of W .
In proposition 7.3, we are regarding Rot B and I as automorphisms of W by using the isomorphism H : W (R) → W . The assertion in the proposition can be reworded as
Proof. Let R max and W max be those as in §2. As is mentioned in the proof of Lemma 2.7, H can be extended to the isomorphism between W (Rmax) and W max , which is also denoted by H. Define an open embedding J :
) ⊂ W max holds for a sufficiently small positive number ε.
Denote by J : W (ε) → W (Rmax) the map defined by J := H −1 • J. As J| C = id C , it follows from Proposition 7.1 that there exists a constant B ∈ C * such that J = Rot B holds: i.e. J = H • Rot B holds on W (ε) . By replacing F with F −1 if necessary, we may assume b := |B| ≥ 1. By identity theorem, this equation also holds for any ε with ε ≤ R max /b. Therefore, it is sufficient to show that |B| = 1.
Consider the open embedding K :
As is observed by the commutativity of the diagram above, K is an extension of H. Therefore, it follows by the property of W max that b · R max ≤ R max , which means that b ≤ 1. Thus one have that b = 1, which proves the proposition. 
Construction of a K3 surface with an involution which switches
In what follows, we use the notation as in §2. Let (S ± , C ± ) be the models obtained by these nine points configurations. Denote by F : S + → S − the isomorphism naturally induced by ι P 2 . Fix a real number R > 1. Set R ± := R. By scaling of the flat metric h on N + , we may assume that there exists a holomorphic tubular neighborhood W + of C + which is the image of an open embedding {ξ ∈ N + | |ξ| h < R} → S. Set
Then it follows form Proposition 7.3 that
As we did in §2, define a K3 surface by gluing M + and M − by identifying
Note that this f coincides with the restriction of the automorphism f : N + → N − induced from the automorphism (z, w) → (z, 1/w) of C 2 , where we are regarding N + as the quotient C 2 / ∼ (See the previous section for the relation "∼"). As R + = R − , it is easily observed that
Again by Proposition 7.3, it follows that the diagram
is commutative. Thus we have that the automorphism F on X defined by
is well-defined. This map F is an involution which switches M + and M − .
7.2. Some cases where X is a Kummer surface. In this section, we investigate the nine points constructions Z ± such that the resulting K3 surface X is the Kummer surface K(Y ) corresponding to a complex torus Y .
For simplicity, we here consider the case where Y can be written
Y is the quotient of C 2 with coordinates (x 1 , x 2 ) by the relation ∼ generated by
where a, b 1 , and c 1 are real numbers, and b 2 and c 2 are complex numbers which are Rlinearly independent. By considering a new coordinate ξ 1 := exp(2π √ −1x 1 ), Y can be also written as Y = C * ξ 1 × C x 2 / ∼ ′ , where ∼ ′ is the relation generated by
where A := e −2πa , B 1 := e −2πb 1 , and C 1 := e −2πc 1 . By construction, Y admits a elliptic fibration P : Y → E onto the elliptic curve E := C x 2 / b 2 , c 2 , which is the one induced by the second projection (ξ 1 , x 2 ) → x 2 . Complex tori Y and E admit invlutions i and i 25 induced by (ξ 1 , x 2 ) → (ξ −1 1 , −x 2 ) and x 2 → −x 2 , respectively: 
Consider the subset
for each ε with 0 < ε < 1/4. For this set, we have the following:
Proposition 7.4. For each ε with with 0 < ε < 1/4, V (ε) can be embedded into a flat line bundle N on E defined by N := C w × C x 2 / ∼ N , where the relation ∼ N is the one generated by (w,
Proof. As is easily observed, V (ε) is biholomorphic to
Thus, it is embedded into the set
which is biholomorphic to N \ E, where E is the zero-section of N → E.
By Proposition 7.4, one may regard
In what follows, we fix ε and denote V (ε) simply by V . Let Ω + and Ω − be two connected components of the complement
By Proposition 7.4, one can embed V into the compactification N := P(I E ⊕ N) of N. Denote by W ± two connected components of N \ V . By switching W + and W − if necessary, one can naturally patch W ± and M ± to construct compact complex surfaces S ± by using V as the tab for gluing. According to the classification theory, S ± is either the blow-up of P 2 at nine points or the blow-up of a Hirzebruch surface Σ n := P(O P 1 ⊕ O P 1 (−n)) at eight points.
Question 7.5. When does S ± isomorphic to the blow-up of P 2 at nine points?
Assume that both S + and S − are isomorphic to the blow-up of P 2 at nine points. In this case, one can regard K(X) as the one constructed in the manner as in §2 if (b 1 /a, c 1 /a) is a Diophantine pair. Note that vol η ± (S ± \ W ± max ) = 0 holds in this case (c.f. Question 2.8).
7.3. Type II degeneration of K3 surfaces constructed by gluing method. Fix elliptic curves C ± 0 , nine points configurations Z ± and an isomorphism g. Thus the complex structure of S ± and the parameters τ , µ = a β −τ ·a α , and
dz + are fixed. Let us denote by (X x , σ x ) the K3 surface corresponding to the class of the period domain represented by 2µ +
where y is the constant defined by the linear equation y = −τ · x + N 1 which comes from (σ, σ) = 0. Note that N 1 is a constant which depends only on the choice of C ± 0 , Z ± , and g, therefore it is a fixed constant in this section. As was observed in §6, the volume of (X x , σ x ) is calculated as below:
where τ = a + b √ −1 and x = u + v √ −1 are the decomposition into the real part and the imaginary part,
) is a constant, and N 3 := 2(Re(N 1 ) + N 2 ) is a real constant. As Im τ > 0, it follows from Theorem 6.2 that there exists a constant N 4 = N 4 (C ± 0 , Z ± , g) such that (X x , σ x ) obtained by the gluing method as in the manner in §2 for any x ∈ C with Im x > N 4 .
be the data by which X x is constructed as in §2, where (z 
x ) = (X x , σ x )). Proposition 7.6. Let x ∈ C be a constant with Im x > N 4 . Then it holds that (X (a)
Proof. Denote by B 
Here we let the relation ∼ be the one generated by
and are identifying V with {(z, w) ∈ C × ∆ R | 1/R − < |w| < R + }/ ∼. The function ρ : R → [0, 1] is a cut-off function which is weakly monotonically decreasing such that supp ρ ⊂ (−∞, R + ), and that ρ is equivalently equal to 1 on a neighborhood of (−∞, 1/R − ].
For showing the proposition, it is sufficient to show that
holds, the equation (1) follows from the following calculation:
As is observed easily, (X
) coincides with (X x , σ x ) if one omit the information on the marking. Therefore it follows from Proposition 7.6 that there exists a deformation of K3 surfaces (i.e. smooth holomorphic surjective submersion whose fibers are K3 surfaces)
where the relation ∼ B * is the one generated by x ∼ B * x + 2π such that the fiber (π * ) −1 (b) is isomorphic to X x for a preimage x of b by the quotient map {x ∈ C | Im x > N 4 } → B
* .
In what follows, we regard as B * = {b ∈ C | 0 < |b| < e −N 4 } by using the coordinate
Proposition 7.7. There exists a proper holomorphic submersion π : X → B from a smooth complex manifold X such that π| π −1 (B * ) coincides with π * and the central fiber X 0 := π −1 (0) is a compact complex variety with normal classing singularity whose irreducible components are S + and S − and whose singular part is the one obtained by identifying C + and C − by g.
Proof.
We may prove the proposition by replacing N 4 with a bit larger constant N
be the parameters by which the K3 surface (X x , σ x ) is constructed by the gluing methods as in §2. As it is observed easily, we may assume that R + = R − . Denote by them easily by R. In what follows, we use the notation as in §2 for these parameters:
where ∼ is the relation generated by
Define the morphism
4 , where B ′ is the disc with radius e −N ′ 4 . By gluing this map and the second projections
in the following manner, the morphism π : X → B ′ as the assertion of the proposition is constructed: On a point b ∈ B ′ , glue the fiber M
′ by using the map
and glue the fiber M
Let π : X → B be the one as in Proposition 7.7. Then it is easily observed that the monodromy automorphism m ℓ : Π 3,19 → Π 3,19 of the K3 lattice along a simple loop ℓ ⊂ B * is defined by B α → B α +A γα and B β → B β +A βγ (A • 's, B γ , and C ± • 's are fixed). Therefore it follows that π is a type II degeneration of K3 surfaces (see [H, Chapter 6, §5.3 
]).
7.4. Gluing construction of one concrete example of K3 surfaces which are neither Kummer nor elliptic. In this subsection, we construct a K3 surface that is neither Kummer nor elliptic. Let C ± 0 ∼ = C/ 1, √ −1 ⊂ P 2 be an elliptic curve, and define 
From the configurations Z ± , the K3 surface X admits some (−2)-curves. Namely, denote by D ± 0 the (−2)-curve on X derived from the strict transform of a line in P 2 under the blow-up at Z ± , and for j = 1, . . . , 7, denote by D ± j the (−2)-curve on X derived from the irreducible component of the exceptional divisor of the blow-up at Z ± with the intersection given by
Moreover, by noting that g(p
for a general x with Im(x) > 2 − µ 2 + Λ/2. In particular, the Picard number of X is given by ρ(X) = 17.
Proposition 7.8. For a general x with Im(x) > 2−µ 2 +Λ/2, let X be the corresponding K3 surface. Then, any effective divisor D on X is expressed as
, where D γ is a unique (−2)-curve with {D γ } = {B γ }. In particular, X is neither Kummer nor elliptic. the effective cone of X is generated by the (−2)-curves D γ and D ± j .
Remark 7.9. The set of divisors on X is generated by a so called exceptional family (see [Bo] ). In particular, Boucksom shows that the number of the member of any exceptional family of a complex surface is less than its Picard number. The K3 surface X constructed in this subsection gives an example such that the number of the exceptional family, all of which are given explicitly, is equal to the Picard number.
Moreover, since the exceptional family is given explicitly, the Kähler class of X is also given explicitly by
is the positive cone of X (see [H, Chapter 8, §5] ).
In order to prove Proposition 7.8, we prepare the following lemmas.
Lemma 7.10. Let D be an irreducible curve on X. Then D is a (−2)-curve on X. Moreover its cohomology class {D} satisfies either {D} ∈ Q 0 or {D} ∈ Q + or {D} ∈ Q − .
Proof. Since D is irreducible, the adjunction formula says that
where K X is the canonical class on X and p a (D) is the arithmetic genus of D. As the intersection form on Pic(X) is even negative definite, we have (D.D) = −2 and p a (D) = 0, which means that D is a (−2)-curve on X. Moreover since (D.D) = −2 is the maximal even negative integer and Pic(X) = Q 0 ⊕ Q + ⊕ Q − is an orthogonal decomposition with respect to the intersection form, {D} must be contained in one of the components.
Lemma 7.11. Let D be a (−2)-curve on X whose class {D} is contained in Q ± . Then we have D = D ± j for some j = 0, 1, . . . , 7.
Proof. As the intersection form on Q ± is negative definite, there are at most finitely many class α ∈ Q ± with (α.α) = −2. In addition, if α = ±{D ± j } for any j, then α must satisfy (α.{D ± j }) ≥ 0 for any j. A little calculation shows that such a class α is expressed uniquely as Proof. If there exists a (−2)-curve D γ with {D γ } = {B γ } (the uniqueness follows from Remark 7.13), then it immediately follows that D = D γ (see also Remark 7.13)). Hence we will prove the existence of a (−2)-curve D γ with {D γ } = {B γ }. The HirzebruchRiemann-Roch theorem says that
As K X is trivial and c 2 (X) = 24, we have χ(O X ({B γ })) = 1, which means that
Here we note that 
Now we will show that {D γ } = {B γ } holds. To this end, we define a (1, 1)-current T on S + \ C + by
It is easily seen that φ is plurisubharmonic on S + \ C + , and is pluriharmonic outside the Levi-flat hypersurface H 1 := {p ∈ V + | Φ + (p) = 1}. So T is a semi-positive closed (1, 1)-current on S + \ C + with support H 1 , and hence T is naturally regarded as that on X. We notice that {T } = {C + } ∈ H 1,1 (S + , R), and from the construction of B γ , we have
On the other hand, the integral
is well-defined as the (−2)-curve D γ is not contained in the support H 1 of T . Indeed, if D γ is contained in H 1 , then the restriction of the natural projection p :
induces a holomorphic map D γ → C + , which is surjective since if it were not, its image p(D γ ) would be a point c and the rational curve D γ would be contained in a disk p −1 (c). However, the existence of the surjective holomorphic map D γ → C + contradicts that the genus of D γ is distinct from that of C + .
Since the integral is non-negative, we have ({T }.{D γ }) ≥ 0 and thus ({T }.{D γ }) = ({T }.{B γ }) = 1, which shows that {D γ } = {B γ }.
Proof of Proposition 7.8. Proposition 7.8 follows from Lemmas 7.10-7.12. Note that X is non-elliptic as there is no elliptic curve on X, and X is non-Kummer as there is no 16 disjoint (−2)-curves among {D γ , D Remark 7.14. It is known that if X is a projective K3 surface with ρ(X) ≥ 5 then X is an elliptic surface (see [H, Chapter 11, Proposition 1.3 (ii) ]). The K3 surface X constructed in this subsection, which is non-projective, gives an example such that ρ(X) ≥ 5 but X is non-elliptic. 7.5. Towards the gluing construction of McMullen's examples. In this subsection, we consider automorphisms on K3 surfaces constructed in [M1, M2] . Let L be a lattice with rankL = r, which is a free Z-module L ∼ = Z r together with a non-degenerate Z-valued symmetric bilinear form Let X be a K3 surface. Then its cohomology group H 2 (X; Z) together with the cup product is a unique even unimodular lattice Π 3,19 ∼ = 3U ⊕ 2E 8 (−1) of signature (3, 19) , where U and E 8 (−1) are even unimodular lattices of signatures (1, 1) and (0, 8) respectively. The complex structure of X yields the Hodge decomposition
where H i,j (X) = H j,i (X), and [H 2,0 (X) ⊕ H 0,2 (X)] and H 1,1 (X) have signature (2, 0) and (1, 19) respectively. Moreover, since every K3 surface is Kähler, X admits the Kähler cone C X = ∅ ⊂ H 1,1 (X) ∩ H 2 (X; R), the classes represented by the symplectic forms of Kähler metrics on X.
In the setting, a K3 structure on L = Π 3,19 consists of the following data:
It is known that for any K3 structure on L, there is a unique K3 surface X and an isomorphism ι :
is the induced action. This is a method constructing lattice automorphisms. Kummer surface automorphism : Let Y = C 2 /Λ be a 2-dimensional complex torus, where Λ := ⊕ 4 i=1 Zv i is a lattice generated by v i ∈ C 2 , and let ι : Y → Y be the involution given by ι(y) = −y. The fixed points of ι correspond to the 16 double points of Y /ι, explicitly given by
By blowing up these 16 points of Y /ι, we have the Kummer surface X = κ(Y ). The natural degree 2 rational map is denoted by π : Y X. The integral class in H 2 (X, Z) obtained from blowing up v t is denoted by E t ∈ H 2 (X, Z). Moreover, let K ⊂ H 2 (X; Z) be the so called Kummer lattice, that is, the minimal sublattice K ⊂ H 2 (X; Z) such that H 2 (X; Z)/K is torsion-free and K contains the 16 classes E t , and let L ⊂ H 2 (X; Z) be the image of π * : H 2 (Y ; Z) → H 2 (X; Z). Then we have the following facts:
(1) The sublattice K is spanned by the basis E t and all elements E W with hyperplanes W ⊂ (Z/2Z) 4 i.e. W is given by the equation of the form a i · t i = c for some a i , c ∈ {0, 1} with (a 1 , . . . , a 4 , c) = (0, . . . , 0). Here, for a subset V ⊂ (Z/2Z) 4 , put
The glue group G(K) is isomorphic to (Z/2Z) 6 and is generated by E ij := E A ij for i < j ∈ {1, 2, 3, 4}, where
(2) The sublattice L is spanned by 2V ij := π * (v i ∨ v j ) ∈ H 2 (X; Z) for i < j ∈ {1, 2, 3, 4}. The glue group G(L) is isomorphic to (Z/2Z) 6 and is generated by V ij for i = j ∈ {1, 2, 3, 4}. Moreover, by noting
we have
(t 12 t 34 + t 13 t 24 + t 14 t 23 ) mod Z (t ij ∈ {0, 1}).
(3) By the gluing map φ :
given by φ(E ij ) = V ij , we obtain the cohomology group H 2 (X; Z).
Any automorphism f : Y → Y commutes with the involution ι and thus induces automorphism f : Y /ι → Y /ι permuting the double points f : {v t } → {v t }. Therefore f gives rise to an automorphism F = κ(f ) : X → X. On the other hand, f induces lattice automorphisms f * : K → K given by the permutation f * : {v t } → {v t }, and f * : L → L given by the action f * :
It is seen that two automorphisms are compatible with the gluing map and hence yields an automorphism on H 2 (X; Z), which is the same as the action
For any integer a ≥ 0, McMullen [M1] considered an automorphism f ∈ Aut(Y ) such that the characteristic polynomial of f * |H 1 (Y ) is given by t 4 + at 2 + t + 1. The automorphism f can be constructed for example from a lattice automorphism f
Its characteristic polynomial is given by S(t) = t 6 − at 5 − t 4 + (2a − 1)t 3 − t 2 − at + 1 and the holomorphic 2-form σ corresponds to
where s ∈ U(1) is given by S(s) = 0 and (σ(s).σ(s)) > 0. Then by putting A α,β = 2V 14 , A β,γ = 2V 13 , A γ,α = 2V 12 , B γ = V 23 + E 23 , B α = −2V 14 − V 24 − E 24 , B β = 2V 14 + 2V 13 + V 34 + E 34 , we have, up to scale,
In particular, (a α , a β ) is given by
Automorphism with minimum entropy : In [M2] , McMullen constructed an automorphism with minimum positive entropy on a non-projective K3 surface. The construction is expressed as follows: First let E 10 ∼ = ⊕ 10 i=1 Ze 10 be a lattice with symmetric bilinear form (·.·) E 10 corresponding to the Dynkin diagram of type E 10 , and let f 1 ∈ O(E 10 ) be a lattice isomorphism corresponding to a Coxeter element in W (E 10 ). Moreover consider a new bilinear form
Ze 10 given by (x.y) L 1 := −(ax.y) E 10 , where a := 2(f 1 + f −1 1 ) + 3 ∈ End(E 10 ). It is easily seen that L 1 is an even lattice with signature (3, 7) and
, and the glue group G(L 1 ) ∼ = (Z/3Z) 2 is generated by (u 1 , u 2 ) with u 1 := 1 3 (2e 1 + e 3 + e 4 + e 5 + e 8 + e 9 ), u 2 := 1 3 (e 1 + 2e 2 + 2e 3 + e 5 + e 6 + e 9 + e 10 ), on which f 1 acts as f 1 (u 1 ) = u 2 , f 1 (u 2 ) = 2u 1 . 
Next let L
Then L 2 is an even lattice of signature (0, 4), and its glue group
In what follows, we always assume that T is a sufficiently small open ball centered at the base point 0 ∈ T . As N C/S ∼ = Pr * 1 L, there exists t jk ∈ U(1) for each j and k such that N −1
. Take a neighborhood V j of U j × T and a defining function w j of U j × T in V j . It is easily observed that we can choose w j such that t jk w k = w j + O(w 2 j ) holds on each V jk := V j ∩ V k . By fixing a holomophic extension of the coordinate function z j on U j to V j , we first show the following lemma, which can be regarded as a relative variant of Ueda's theorem [U, Theorem 3] for elliptic curves.
Lemma 8.2. By shrinking T and V j 's if necessary, one can take {(V j , w j )} such that t jk w k = w j holds on each V jk .
Proof. By shrinking T if necessary, we can take a positive number Q > 0 such that
2 is shown by the same argument as in the proof of [U, Theorem 3] . We will construct a new defining function u j of C 0 × T in V j by solving a Schröder type functional equation
on each V j , where the coefficient functions {f j|ν } ∞ ν=2 are constructed inductively just in the same manner as in [U, §4.2] so that the solution u j satisfies t jk u k = u j on each V jk if exists. Note that the Ueda's obstructions classes automatically vanish in our configurations, since Such a majorant series A(X) can be constructed by the same argument as in [U, §4.6 ] as the solution of the functional equation
where In what follows, we always take a defining function w j of U j × T in V j as in Lemma 8.2. Next we will show the existence of a suitable extension of the coordinate function z j : U j × T → C to V j . For clarity, we will denote (not by z j as above, but) by ζ j : V j → C the fixed extension of z j in what follows. We will show the following:
Lemma 8.3. By shrinking T and V j 's if necessary, one can take a holomorphic function ζ j : V j → C such that ζ j | U j ×T = z j holds on on each V j and ζ k = ζ j + A kj holds on each V jk .
Proof. Fix a local projection P j : V j → U j × T with π| V j = Pr 2 • P j for each j. We use a function ζ j := P * j z j as an initial extension function of z j :
In what follows, we denote by g(ζ j , t) the function P * j g for a function g : U j → C. Then the expansion of ζ k by w j can be written as
on each on V jk . As in the proof of the previous lemma, we will construct a new extension u j of z j by the defining equation
First we explain how to define {F
(1) j } j . By adding three equations
and
on V jkℓ and by considering the coefficients of w j in the both hands sides, we obtain the equality f
, which is equal to zero as a group. Thus we can take a holomorphic function
that such functions are unique, it gives the definition of {F
(1) j }. Note that, by using these functions {F we obtain the inequality ).
The coefficient of w ν j in the expansion of the left hand side can be calculated to be equal to
kj (z j , t), where we denote by h kj,λ 's of the expansion
by w j on V jk . Note that h jk,ν (ζ j , t) is determined only from {F A ν Q n+1−ν , of which the right hand side is equal to the coefficient of X n+1 in the expansion of
¿From this observation and Lemma 8.1, it turns out that the series A(X) defined by the functional equation
is a majorant series of the series
j (ζ j , t) · X ν , where K = K(C 0 , {U j }, {U * j }) is the constant as in Lemma 8.1. Thus it is sufficient to show the solution A(X) has a positive radius of convergence.
Define a new power series B(X) = X + B 2 X 2 + B 3 X 3 + · · · by B(X) := X + X · A(X) and B(X) = X + B 2 X 2 + B 3 X 3 + · · · by
By Siegel's technique [S] (see also [U, Lemma 5] ), it follows that B(X) actually has a positive radius of convergence. As
we can show by the simple inductive argument that B ν ≥ B ν (= A ν−1 ) for each ν ≥ 2, which proves the lemma.
Proof of Theorem 4.7. Take a coordinate system (z j , w j , t) of each V j such that {w j } is as in Lemma 8.2 and {ζ j } is as in Lemma 8.3. Define a map P : j V j → C 0 × T by p(ζ j , w j , t) := (ζ j , t) ∈ U j × T on each V j , which is well-defined by Lemma 8.3. By regarding w j 's as fiber coordinates, we can naturally regard j V j as a open neighborhood of the zero-section of N C/S , which proves the theorem.
8.2. More generalized variant. Theorem 4.7 can be shown not only in the case where C ∼ = C 0 × T and π| C = Pr 2 hold, but also in the case where π| C : C → T is a proper holomorphic submersion whose fibers C t := S t ∩ C are elliptic curves:
Theorem 8.4. Let π : S → T be a deformation family of complex surfaces over a ball in C n , and C ⊂ S be a submanifold such that π| C is a deformation family of smooth elliptic curves. Assume that d(I Ct , N n Ct/St ) does not depend on t ∈ T for each n and that the Diophantine condition − log d(I Ct , N n Ct/St ) = O(log n) holds as n → ∞. Then, by shrinking T if necessary, there exists a tubular neighborhood W of C in S which is isomorphic to a neighborhood of the zero section in N C/S .
Note that, we have to choose the invariant distance d of each Pic 0 (C t ) appropriately in order it to satisfy the condition that d(I Ct , N n Ct/St ) does not depend on t ∈ T for each n. A typical example of the configuration is as follows.
Example 8.5. Let τ (t) be a point in the upper half plane such that C t ∼ = C/ 1, τ (t) . By choosing τ (t)'s appropriately, we may assume that τ is a holomorphic function. By regarding Pic 0 (C t ) as C t via the isomorphism C 0 ∋ p → O Ct (p − We can prove Theorem 8.4 by almost the same manner as the proof of Theorem 4.7. Only the difficulty is the t-dependence of the constant K as in Lemma 8.1. In order to overcome this difficulty, we use the following:
Lemma 8.6. Assume that each U j is a coordinate open ball. Then one can take a constant K = K(M, U, U * ) as in Lemma 8.1 such that K depends only on the number N = #U and the maximum of the radii of U * j 's calculated by using the Kobayashi metrics of U j 's.
Lemma 8.6 follows directly from the improved proof of Lemma 8.1 we will describe in §8.3, which the author learned from Prof. Tetsuo Ueda.
Proof of Theorem 8.4. Fix a sufficiently fine open covering {U j } of C 0 with #{U j } < ∞ and a coordinate z j of U j such that z k = z j + A kj holds on each U jk for some constant A kj ∈ C. We may assume that each U j is a coordinate open ball. Fix also another open covering {U * j } of C 0 with #{U * j } = #{U j } such that U * j ⋐ U j for each j. Then, by shrinking T if necessary, we can regard C as a complex manifold which is obtained by patching U j × T 's (or U * j × T 's) by using the coordinate transformations in the form of z k = z j + A kj (t), where A kj is a holomorphic function defined on T with A kj (0) = A kj . It follows from Lemma 8.6 that the constant K as in Lemma 8.1 can be taken as a constant which is independent of the parameter t ∈ T . Then we can carry out the same argument as in the previous subsection to obtain Theorem 8.4.
8.
3. An alternative proof of Ueda's lemma with effective constant K. Here we describe a simple proof of Lemma 8.1, which the author learned from Prof. Tetsuo Ueda. One of the most remarkable points in this proof is that the constant K = K(M, U, U * ) can be described explicitly. Actually, we will construct the constant K so that the inequality
holds, where s is the maximum of the constants s j 's in the following:
Lemma 8.7. Assume that each U j is a coordinate open ball. For each j, there exists a positive constant s j less than 1 which satisfies the following assertion: For any holomorphic function f : U j → C with sup z∈U j |f (z)| < 1, if there exists a point z 0 ∈ U * j with f (z 0 ) = 0, then it holds that sup z∈U * j |f (z)| < s j . Moreover, we can take such s j so that it depends only on the radius of U * j calculated by using the Kobayashi metric of U j .
Proof. Lemma follows from the Schwarz-Pick theorem-type property of the Kobayashi metric.
Set L 1 := 2s 1 − s and L 2 := 1 + s 1 − s . Then we have the following:
Lemma 8.8. For any holomorphic function f : U j → C with sup z∈U |f (z)| < 1 and for any points z 1 , z 2 ∈ U * j , we have the inequalities |f (z 1 ) − f (z 2 )| ≤ L 1 · (1 − |f (z 1 )|) and 1 − |f (z 2 )| ≤ L 2 · (1 − |f (z 1 )|).
Proof. Set a := f (z 1 ) and consider the Möbius transformation T (w) := w − a 1 − aw . As T • f : U j → ∆ maps the point z 1 ∈ U * j to 0, it follows from Lemma 8.7 that the modulus |ζ| of ζ := T • f (z 2 ) is less than s (∆ ⊂ C is the unit disc). Therefore we have
